We investigate dynamical properties of bright solitons with a finite background in the F = 1 spinor Bose-Einstein condensate (BEC), based on an integrable spinor model which is equivalent to the matrix nonlinear Schrödinger equation with a self-focusing nonlineality.
Introduction
In 2002, matter-wave bright solitons in quasi-one-dimensional (1D) Bose-Einstein condensates (BECs) were observed experimentally. 1, 2) Bright solitons propagate in most cases with much larger amplitudes than dark solitons, 3, 4) and are expected to have the potential for various applications such as coherent transport and atom interferometry. Soliton propagation in BEC can be described by the Gross-Pitaevskii (GP) equation. The GP equation, called the nonlinear Schrödinger (NLS) equation in nonlinear science, is integrable and has soliton solutions in a one-dimensional and uniform system. Recent experimental and theoretical advances about matter-wave bright solitons are reviewed, for instance, in ref. 5 .
The experimental creation of matter-wave solitons has been so far achieved only for singlecomponent BEC. It is, nevertheless, very interesting to consider soliton propagation in BEC with internal degrees of freedom, so-called, spinor BEC. When BEC of ultracold alkali atoms is trapped exclusively by optical means, the hyperfine spin of atoms remains liberated. The spinor BEC was realized in such a way. [6] [7] [8] Internal degrees of freedom endow solitons with a multiplicity. The multiple solitons will show a rich variety of dynamics. Here, we focus on the boson system in the F = 1 hyperfine spin state, exemplified by 23 Na, 39 K and 87 Rb. The multi-component GP equation for F = 1 spinor BEC turns to an integrable model at special points, which is mathematically equivalent to the matrix NLS equation. An integrable model with a self-focusing nonlineality enables one to perform exact analysis via the inverse scattering method (ISM) for the matrix NLS equation. 9) In particular, bright soliton solutions under vanishing boundary conditions (VBC) are obtained, whose properties are investigated in refs.
10 and 11. Recently, the ISM for the matrix NLS equation under nonvanishing boundary conditions (NVBC) is formulated. 12) Dark solitons in the F = 1 spinor BEC can be investigated by applying the ISM under NVBC to an integrable model with a self-defocusing nonlineality. 13) Although the ISM under NVBC is dedicated mainly to the self-defocusing case, we note that this technique is also applicable to an integrable model with a self-focusing nonlineality, which makes us available to bright soliton solutions with a finite background.
In this paper, the detail of matter-wave bright solitons in the quasi-1D F = 1 spinor BEC is further investigated, based on an integrable model. We consider matter-wave spinor bright solitons traveling on a finite background of the condensate. We write down explicitly new soliton solutions, and verify that the obtained soliton solutions have the similar properties compared to those without a background. In the usual experimental setups, the condensates are confined in a finite-size regime, and the matter-wave bright solitons will accompany a finite background. The study given in this paper is meaningful in such realistic circumstances.
The paper is organized as follows. In § 2, the GP equation for quasi-1D F = 1 spinor BEC is introduced. In particular, the integrable model is presented. There, the interactions between two atoms are supposed to be inter-atomic attractive and ferromagnetic, which lead to bright 2/18 solitons. In § 3, the inverse scattering method under nonvanishing boundary conditions is applied to the integrable model. This application leads to bright soliton solutions with a finite background. Several conserved quantities of the model are also provided. One-soliton solutions are investigated in § 4. The spin states of one-solitons are classified, assuming that discrete eigenvalues are purely imaginary. Two-soliton solutions are discussed in § 5. The last section, § 6, is devoted to the concluding remarks.
GP Equation for F = 1 Spinor Bose-Einstein Condensates
For BEC of ultracold alkali atoms, the mean-field theory works well, because almost all atoms go into condensation and the condensate is dilute. In this paper, we deal with the quasi-one-dimensional system. Atoms in the F = 1 hyperfine spin state have three magnetic substates labeled by the magnetic quantum number m F = 1, 0, −1. The system is characterized by a vectorial field operator with the components corresponding to each substate,
where the subscripts α, β take on 1, 0, −1. In the framework of the mean-field theory for BEC, the quantum field is replaced with the order parameter:
Φ(x, t) is often called the spinor condensate wavefunction, which is normalized to the total number of atoms N T :
The spinor condensate wavefunction obeys a set of coupled evolution equations, namely, the multi-component GP equation:
where a f are the s-wave scattering lengths in the total hyperfine spin f channel, a ⊥ is the size of the transverse ground state, m is the atomic mass, and C = −ζ(1/2) ≃ 1.46. Note that one may change the values ofc 0 andc 2 by tuning a ⊥ .
Equation (4) is derived as follows. The interaction between two atoms in the F = 1
hyperfine spin state has a form, 15, 16) V
whereF i is the spin operator. The Gross-Pitaevskii energy functional is thus given by
where repeated subscripts (α, β, α ′ , β ′ = 1, 0, −1) should be summed up and
with f i (i = x, y, z) being 3 × 3 spin-1 matrices. Then, the variational principle:
. An important fact is that eq. (4) possesses a completely integrable point whenc 0 =c 2 ≡ −c < 0, equivalently, 2ḡ 0 = −ḡ 2 > 0. 10, 11) This condition is realized when
assuming that a 0 a 2 (a 2 −a 0 ) > 0 holds. The situation corresponds to attractive (c 0 < 0) and ferromagnetic (c 2 < 0) interaction. When we change the wavefunction by Φ = (φ 1 ,
and measure time and length in units oft = a ⊥ /c andx = a ⊥ /2mc, respectively, we can rewrite eq. (4) withc 0 =c 2 ≡ −c < 0 into the dimensionless form,
Then, eq. (9) is found to be equivalent to a 2 × 2 matrix version of the NLS equation with a self-focusing nonlinearity:
with an identification,
The matrix NLS equation (10) is integrable in the sense that the initial value problem can be solved via the inverse scattering method. 9, 12) The integrability of the reduced equations (9) 
Bright Solitons with a Finite Background
We consider bright soliton solutions of the integrable model (9) under NVBC, whereas those under VBC are studied in refs. 10 and 11. We summarize briefly the results of the inverse scattering method for eq. (9) with NVBC. 12) We define the nonvanishing boundary conditions as
where λ 0 is a positive real constant and I denotes a 2 × 2 unit matrix. Note that vanishing boundary conditions are recovered as λ 0 → 0. The analysis of the ISM under NVBC yields the standard form of the multiple soliton solutions of the 2 × 2 matrix NLS equation with a self-focusing nonlineality (10) as
Here, a 2 × 2 complex matrix Π j is called the polarization matrix. S is a 2N × 2N matrix defined by
where λ j is a complex discrete eigenvalue for the bound state and ζ j = (λ 2 j + λ 2 0 ) 1/2 with Im ζ j > 0 for j = 1, . . . , N . It is required for the ISM under NVBC that a two-sheet Riemann surface is introduced appropriately, due to a double-valued function ζ j . The phase of the carrier wave, φ(x, t), is given by
and the coordinate function is given by
The above solution is the M (= N/2)-soliton solution. The ISM under NVBC for the selffocusing case results in pairs of discrete eigenvalues corresponding to each Riemann sheet.
The constraint should be imposed on λ j and ζ j (j = 1, · · · , N ) such that λ 2l−1 = λ * 2l and
At the same time, Π j must satisfy that Π 2l−1 = Π † 2l . For our reduction to the integrable model for F = 1 spinor BEC, we must make the potential Q symmetric, noting eq. (11) . The symmetry of Q is naturally reflected in Π j .
When we take every Π j to be symmetric in eq. (13), soliton solutions of the integrable model (9) under NVBC are obtained.
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The form (13) is the standard form of soliton solutions in the sense that the boundary value at x → ∞ ⇔ e χ j → 0 is supposed to be fixed as
The spinor model, however, allows the SU (2) transformation of the solutions, if they are kept symmetric. To be concrete, let U be a 2 × 2 unitary matrix. When Q is a solution of eq. (10) with eq. (11), then
is also a solution. Assuming that Q is the standard form (13), the limit x → ∞ of Q ′ becomes
The arbitrary boundary conditions Q ′ + other than eq. (17) are thus realized via the SU (2) transformation. On the other hand, the behavior in the limit x → −∞ varies depending on whether det Π = 0 or not, which will be discussed later for the one-soliton case.
There is another important concept about an integrable model. Due to the integrability, the model has the infinite conservation laws, which restrict the dynamics of the system in an essential way. Several conserved quantities, related to the physical quantities of the system, are listed below:
Total spin :
Total momentum :
Total energy :
Here, σ = (σ x , σ y , σ z ) T are the Pauli matrices. To avoid the divergence of integrals, we should subtract the contribution of the background from the physical quantities, except the total spin, to which the background does not contribute explicitly. These subtractions are emphasized by the bars on the conserved densities and quantities. The local spin density
is covariant under the SU (2) transformation (18), whereas the other densities such asn(x, t), p(x, t) andē(x, t) are invariant. The total macroscopic spin is directed to face to an arbitrary direction by the global spin rotation. The SU (2) symmetry of the system causes the energy degenerated states of solitons for this spin rotation.
One-Soliton Solutions
In this section, one-soliton solutions of the integrable spinor model (9) are investigated in detail. We can derive the explicit form of one-soliton solutions by setting N = 2 (M = 1) in the formula (13) . The calculation is complicated but straightforward. The result is as follows:
where det S is given by
and T is a 2 × 2 matrix such that
We explain physical meanings of notations. The phase of the carrier wave is given by
Let λ j and ζ j = (λ 2 j + λ 2 0 ) 1/2 for j = 1, 2 be complex constants satisfying λ 1 = λ * 2 and
Without loss of generality, we assume that (λ 1 , ζ 1 ) ((λ 2 , ζ 2 )) belongs to the upper (lower) Riemann sheet, which is characterized such that Im ζ Im λ > 0 (Im ζ Im λ < 0). χ j (x, t) is expressed in terms of them as
Note that χ 1 = χ * 2 ≡ χ holds. Re χ thus denotes the coordinate of the envelope soliton, whereas Im χ implies the self-modulation phase. The polarization matrix Π is a 2×2 symmetric 7/18 matrix. Here, the normalization in a sense of the square norm is imposed on Π as a matter of convenience:
The other parameters are expedient functions of λ 0 , λ 1 and λ 2 :
for j = 1, 2. We list the meaning of each parameter as follows:
k : wave number of soliton's carrier wave.
λ 0 : amplitude of soliton's carrier wave.
φ(x, t) : phase of soliton's carrier wave.
Re χ(x, t) : coordinate of soliton's envelope.
Im χ(x, t) : self-modulation phase of soliton.
Π : symmetric polarization matrix of soliton.
Equations (24)- (26) are new soliton solutions which had never been written down explicitly in the literatures. If we take the vanishing limit λ 0 → 0, ζ 1 and ζ 2 converge at λ 1 and −λ 2 , respectively. Then,
with notations
each of which holds the following correspondence respectively:
Equations ( 
Classification by the boundary conditions
We shall show that there are two kinds of one-soliton solutions depending on the boundary conditions, det Π = 0 or det Π = 0. The similar classification about the boundary conditions also exists for dark solitons. 13) The examples of snapshots of one-soliton density profiles are shown in Fig. 1 . The upper row is for det Π = 0, and the lower row is for det Π = 0. The shape of envelope solitons looks a locally-oscilating wave rather than, literally, a solitary wave, because of the self-modulation due to the complex velocity.
For det Π = 0, the boundary conditions of the standard form (24)- (26) are
The left and right boundary values differ in not only the global phase but also the population of each component, in general. That is, those are the SU (2) rotated boundary conditions.
In the upper row of Fig. 1 , we see that the envelope soliton of each component forms the domain-wall (DW) shape, although it does not manifest in the total number density.
On the other hand, for det Π = 0, the boundary conditions are
In contrast to the case that det Π = 0, both boundary values are diagonal matrices, and only the phase-shift (PS) occurs. That is, those are the U (1) rotated boundary conditions.
For the above reasons, we call one-soliton solutions the DW-type for det Π = 0, and the PS-type for det Π = 0. Remark the following; the spin density profile of DW-type suggests that the total spin is nonzero, whereas that of PS-type is dipole-shape, implying that the total spin amounts to zero. See the right panel of Fig. 1 . This observation will be solidified in § 4.3.
Case of purely imaginary discrete eigenvalues
The ISM performed on Riemann sheets involves a double-valued function of the spectral parameter, and it usually renders a very complicated representation of N -soliton solutions even for N = 1, as is seen from eqs. (24)-(26). To simplify an explicit representation, it is convenient to assume that λ j and ζ j are purely imaginary. 18) The similar approach is employed for the analysis of N -soliton solutions of the derivative NLS equation under NVBC. 20) If we take a pair of discrete eigenvalues as
where λ and ζ are positive real numbers such that we obtain a relatively simple form of one-soliton solutions as
2i T = 2(|tr Π(t)| 2 − 1) e 2χ P + 2 e
where the coordinate of the envelope soliton is given by
and the time dependence of the phase modulation is embedded in the polarization matrix, namely,
When we take the limit λ 0 → 0 with λ 0 λ and λ 0 ζ kept finite in eqs. (43) We can also take another limit. That is, we consider the reduction to the single-component case. If we set
the (1,1)-component of Q becomes
where e ψ = ζ/λ. The form (49) was given in ref. 18 . We thus verify that our soliton solutions are also generalization of those for the single-component NLS equation under NVBC. 19)
Spin states
In this subsection, we discuss the spin states of one-soliton solutions with a finite background, by calculating the total spin. The conservation law guarantees that we obtain the total spin F T from integrating at arbitrary time. Therefore, we can select the time so that the calculation becomes easier. We concentrate on the case of purely imaginary discrete eigenvalues. As a result, we see that the DW-type is associated with the ferromagnetic state, whereas the PS-type is associated with the polar state. One-soliton solutions for purely imaginary discrete eigenvalues (43)-(45) include those under VBC apart from an initial displacement, and therefore the classification about the spin states presented below is wider than that performed before. 10, 11) 
Ferromagnetic state
For det Π = 0 (DW-type), we substitute eqs. (43)- (45) as follows:
with the modulus
The total number of the particles transformed into a soliton,N T , is calculated by eq. (20),
and the range of the value taken by |F T | 2 is expressed in terms ofN T ,
Remark that, in the vanishing limit λ 0 → 0, the modulus of the total spin is always equal to the total number of the particles, namely,
With nonzero total spin, the DW-type of solitons belongs to the ferromagnetic state.
Since inter-atomic ferromagnetic interactions are supposed here, solitons tend to take the ferromagnetic state or DW-type. In various contexts of physics, the domain-walls are topological solitons related with the symmetry breaking. Here, resulting from the domain-walls, the magnetic entity emerges as the spontaneously broken symmetry. It is worthy to notice that the case |N T | < |F T | may happen. The background is spinless, but its internal spin state appears to be affected on the ground that the ferromagnetic soliton runs over the background.
Thereby, the background contributes to the total spin.
Polar state
If det Π = 0 (PS-type), the solitons show the other magnetic property. The time t ′ such that det Π(t ′ ) = det Π † (t ′ ) > 0 is suitable for the analysis. After lengthy calculations, the local spin density at such time is derived as
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where Ξ(χ P ′ ) is an even function of χ P ′ , χ P ′ (x, t) is a parallel-shifted coordinate, and υ is a constant:
Note that f x and f z share the same functional form. Each component of the above local spin density is an odd function of χ P ′ and, in particular, it has the node at the same point x 0 such that χ P ′ (x 0 , t ′ ) = 0, namely, x 0 = 2kt ′ + (2λ 0 ζ) −1 υ. Consequently, the total spin amounts to zero:
For this reason, the PS-type of solitons, on the average, belongs to the polar state. 15)
Two-Soliton Collision
We proceed to the discussion of two-soliton collisions in the integrable spinor model (9).
Two-soliton solutions are obtained by setting N = 4 (M = 2) in the formula (13) . There exist two independent discrete eigenvalues and symmetric polarization matrices, respectively, i.e., λ 1 = λ * 2 and Π 1 = Π † 2 for one of solitons, λ 3 = λ * 4 and Π 3 = Π † 4 for the other. Each soliton is separated at t = ±∞. Then, a two-soliton is asymptotically two one-solitons. The classification of one-soliton solutions based on the values of the determinants of polarization matrices, discussed in the previous section, is thus valid for two-soliton solutions.
The derivation of the explicit form is more complicated than that in the case for one-soliton spin transfer does not occur, and the domain-wall shape is preserved against the collision. This phenomenon can be interpreted as follows. DW-type, with nonzero spin, can affect the internal spin state of PS-type, whereas PS-type, which is expected to have zero spin in total, does not affect the internal spin state of DW-type. This kind of spin-transfer phenomenon, called the spin-switching, has been first predicted for the case of VBC. 11) Due to the conservation laws, the total number, the total spin and so on are invariant throughout the collision process.
Population-mixing among internal degrees of freedom is permitted, as far as the conservation laws are not violated. The spin-switching is one of the dynamical processes which make the spinor solitons more interesting.
Finally, for a mutual collision between two DW-types, where det Π 1 = det Π 3 = 0, the shapes of both solitons are expected to be deformed by the collision since each soliton carries nonzero total spin. In fact, drastic population-mixing is seen in Fig. 4 , which shows an example of this kind of collisions. One finds that domain-walls "repel" at the collision region, rather than collide. 
The right (left) moving soliton is DW-type (PS-type).
(a) (b) (c) 
Concluding Remarks
In this paper, we have investigated dynamical properties of matter-wave bright solitons with a finite background in the F = 1 spinor Bose-Einstein condensate. To perform our analysis concretely, we have exploited an integrable spinor model with a self-focusing nonlinearity and the inverse scattering method under nonvanishing boundary conditions. The situation
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that matter-wave solitons are located on a finite background fits to the experiments.
One-soliton solutions are derived explicitly and studied in detail. From the point of the mathematical view, they offer general forms of bright soliton solutions of the NLS equation.
We have confirmed that our one-soliton solutions include those obtained in the previous works.
One-soliton solutions are classified into two kinds by the difference of boundary conditions;
DW-type and PS-type. The spin density profiles of one-solitons vary depending on the boundary conditions. In the case of purely imaginary discrete eigenvalues, we have analytically shown that DW-type is in the ferromagnetic state, whereas PS-type is in the polar state. The existence of two distinct magnetic properties for one-soliton solutions also gives rise to fascinating phenomena in the case for two-soliton collisions, for example, the spin-switching. The above results for bright solitons with a finite background agree with those for bright solitons under VBC 10, 11) and dark solitons. 13) Several problems still remain. It is desirable to extend our analysis to the case of general discrete eigenvalues. The computations of the conserved quantities other than the total spin are also required. (One approach is given in Appendix.) In addition, we wish to investigate analytical properties of general N -soliton solutions under NVBC in the spinor model. Needless to say, too complicated calculations are inevitable for the above problems. The remaining problems should be discussed elsewhere.
We conclude that the properties of the multiple matter-wave solitons in the spinor BECs are interesting and should be useful in various applications. Bright solitons are preferable to dark solitons for applications, because of the advantage in the propagation distance. We hope that our analysis contributes to illuminating dynamical properties of solitons in the spinor
BECs, which should be demonstrated experimentally in near future.
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Appendix: Several Conserved Quantities of One-Soliton Solutions
The conserved quantities help us to understand the dynamics of the system. In this appendix, we calculate the total number, the total spin, the total momentum and the total energy of the spinor model. We assume that, in addition to purely imaginary discrete eigenvalues, Π is a real symmetric 2 × 2 matrix. The condition that Π is a real symmetric matrix is inherent in the self-defocusing case, i.e., dark solitons. 12) For Π = Π † , one-soliton solutions of purely imaginary discrete eigenvalues (43)-(45) become the following form at t = t ′ = (4n − 1)π/8λ 2 0 ξλ for n = 0, ±1, . . . : Q = λ 0 e iφ(x,t) I + 4iζ Π e −(χ P +ρ ′ /2) + (σ y Πσ y ) e χ P +ρ ′ /2 det Π e −(2χ P +ρ ′ ) + 1 + e 2χ P +ρ ′ (det Π) 2 , The results for det Π = 0 are given bȳ
and those for det Π = 0 are given bȳ
It is intriguing that, for fixed amplitude and discrete eigenvalue,N T ,P T andĒ T of the PS-type (det Π = 0) have just twice values as those of the DW-type (det Π = 0), respectively.
This enables us to interpret that the PS-type of solitons is a bound state of the two DW-types of solitons. Additionally, for fixed amplitude and total number, the total energyĒ T of the DW-type is lower than that of the PS-type:Ē DW T −Ē PS T = −N 3 T c/16 < 0, which suggests that the DW-type is physically preferable. This result is consistent with inter-atomic ferromagnetic interaction, i.e.,c 2 < 0.
